In this article, we consider the vorticoacoustic flowfield in a right-cylindrical porous chamber with uniform sidewall injection. Such configuration is often used to simulate the internal gaseous environment of a solid rocket motor (SRM). Assuming closed-closed acoustic conditions at both fore and aft ends of the domain, the introduction of small disturbances in the mean flow give rise to an axially traveling vortico-acoustically dominated wave structure that our study attempts to elucidate. Although this problem has been formulated before, it is reconsidered here in the context of WKB perturbation expansions in the reciprocal of the crossflow Reynolds number. This enables us to uncover multiple distinguished limits along with new asymptotic solutions that are presented for the first time. The WKB solutions are shown to exhibit a peculiar singularity that warrants the use of matched-asymptotic expansions to produce uniformly valid representations. Our solutions are obtained for any characteristic mean flow function satisfying Berman's similarity condition for porous tubes. They are also derived to an arbitrary level of precision using a recursive formulation that can reproduce each of the asymptotic solutions to any prescribed order. Finally, our solutions are verified numerically over a wide range of physical parameters and through limiting process approximations. 
I. Introduction
HE modeling of axially traveling, oscillatory waves in wall-transpiring porous tubes is pertinent to several engineering applications including flow filtration, pulmonary circulation, surface ablation, acoustic instability, and water hammering. In this study, the mean fluid motion is driven by injection along the tube's sidewall. As for the oscillatory waves, they may be the product of external excitation, resulting from the use of wave generators. The waves may also be stimulated internally in response to the inherent coupling with the tube's natural frequencies. The ensuing problem has been studied extensively and some examples are showcased in experimental investigations by Brown et al., 1 Dunlap et al., 2 Ma et al., 3 and Barron et al. 4 These studies attempt to capture wave structures and potential instability during the burning of solid propellant grains.
It may be safely stated that the characterization of steady fluid motions in porous channels and tubes started with Berman. 5 Therein, Berman reduced the Navier-Stokes equations to a single, nonlinear, fourth-order ordinary differential equation (ODE) with four boundary conditions falling under the auspices of uniform wall injection or suction. His work opened up a new line of research inquiry in view of the substantial number of studies that emerged after the development of his similarity solution.
The steady flow problem becomes more challenging with the superposition of small amplitude sinusoidal waves. The presence of the waves gives rise to an axisymmetric oscillatory field that we wish to examine. The analysis at hand constitutes a crucial extension to a previous study by Majdalani 6 where he derives and discusses multiple asymptotic solutions in the context of two dimensional porous channels. Because the problem is laid out for a cylindrical geometry, the present configuration is more relevant to rocketry and other applications in which axisymmetric flows are induced. Following similar lines, asymptotic solutions of two types are captured via direct application of WKB expansions. Furthermore, matched-asymptotic expansions are used to overcome an essential singularity that arises near the centerline. Finally, a numerical formulation is presented to verify the analytical results.
II. Problem
This study seeks to investigate the possible forms of solutions that may be used to describe the unsteady velocity of a damped axially traveling wave inside a porous cylindrical tube of radius a and finite length L a  . As shown by Majdalani and Roh, 7 the unsteady velocity of a vorticoacoustic wave, 1 u , may be split into an irrotational part û and a solenoidal part u  . This Helmholtz type decomposition can be expressed as
Using Euler's notation, the irrotational and the vortical responses may be specified as
where (  
For the oscillatory field in a right-cylindrical porous tube, it was shown by Majdalani and Flandro 8 that the eigenfunction , n R needed to capture the rapid radial variations in the rotational wave, may be determined from a complex second order ordinary differential equation
Equation (5) 10 ). In relation to the present study, the two most pertinent injection-driven mean flow profiles are those examined in depth by Yuan and Finkelstein. 11 These are
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In what is to follow, we will present asymptotic WKB expressions for Eq. (5) and then proceed to verify those numerically.
III. WKB Technique
Closed-form representations of the eigenfunction equation are intractable due to the variable coefficients that appear in the second and third terms. Moreover, the inherently stiff nature of the problem renders numerical solutions laborious, especially at large crossflow Reynolds numbers. In contrast, accurate asymptotic solutions that are simple to evaluate may be arrived at through direct application of the WKB technique. Accordingly, a formal WKB expansion may be introduced such that (cf. Bender and Orszag
12
):
where  is a small parameter and 
A leading order equation is immediately realized in the form of a first derivative,
It should be borne in mind that Eq. (11) does not constitute an Eikonal equation in the strict sense of the term. Typical Eikonal equations comprise a first derivative that is squared, which usually leads to dual solutions. Here, only one solution is prompted by the type I distinguished limit. As we turn our attention to the so-called transport equation, the same departure from classic behavior is realized. In fact, the higher-order corrective functions, 1 S and 2 S become single valued and expressible by
After carrying the solution to higher orders, a recursive relation is realized, namely,
The type I solution may be constructed by integrating Eqs. (11), (12), and (13). We get
By substituting the above expressions into Eq. (8), we obtain the leading order type I solution
where 
Since Eq. (20) must be satisfied for all values of  , the quantities inside the parentheses must sequentially vanish, starting with the lowest order. Resolution of the  multipliers may hence be continued until a desired order is reached. For the type II case, a conventional Eikonal equation is captured, namely,
Its dual roots are given by 
Due to the quadratic nature of the Eikonal equation and the duality of its roots, 01 S and 02 S , two conjugate solutions will be obtained for each of the higher-order corrections 1 S , 2 S , 3 S and so on. Each of these values will correspond to either 01 S or 02 S .
At 1 ( )  , the transport equation may be solved for 1 S with the outcome,
S reduces to
Higher orders may be similarly achieved. After some effort, a recursive relation is developed to help reproduce the successive corrections,
This recursive formula is valid for any order. In most practical applications, however, no more than three terms are needed to accurately describe the longitudinal wave behavior.
By substituting Eqs. (22) exp exp
    
At this juncture, the problem's boundary conditions may be applied to determine the constants of integration. In order to secure Eq. (6) and ensure boundedness throughout the domain, we take 1 0 C  and 2 1 C  . The type II approximation reduces to
For the type I solution, in both the rectangular channel 6 and the cylindrical tube, the value of I n R at the core alternates between zero and infinity, depending on the order at which the solution is truncated. The solution suddenly becomes unbounded at even orders in ,  I n R   as 0. r  However, for odd orders in ,  the solution appears to be well behaved, 0
In reality, the numerical solution suggests that neither outcome is correct; n R rather possesses an asymptotically small value at 0 r  that may be explicitly estimated. As for the type II solution, the cylindrical case exhibits a unique singular behavior at the centerline with a pattern that again alternates between zero and infinity every four orders in .
 Contrary to the cylindrical case, the type II channel solution remains uniformly valid and singularity-free throughout the entire domain. Moreover, the type II solution leads to a generally quasi-analytical form for some mean flow functions that preclude the explicit integration of Eqs. ( ) sin( ) F r r   these have to be integrated numerically. This is atypical of the WKB type I formulation which has engendered a closed-form analytical solution for this study as well as for the porous channel flow analog. 13 This phenomenon appears in both porous and non-porous ducts in which fluid motion is rapidly alternating. 
IV. Matched-Asymptotic Expansions
In order to overcome the core singularity in the type II solution, the method of matched-asymptotic expansions will be used. This technique enables us to split the domain into an inner layer corresponding to the region of nonuniformity, and an outer region where the solution is well behaved. A suitable approximation is then constructed for each of these regions, and these local expansions are subsequently matched over their overlap region and combined into a composite solution that stays uniformly valid over the entire domain of interest.
A. Outer Approximation
Our leading-order outer solution may be obtained directly from Eq. (5) by suppressing all terms that involve the primary perturbation parameter .  This basic cancellation leaves us with 
To segregate the contribution of the outer solution in the core region, we take the limit as 0 r  . This operation renders the inner expansion of the outer solution, or ( ) :
The determination of a compact outer solution will prove to be instrumental in retrieving an expression for the inner expansion. This aspect will be illustrated next.
B. Inner Core Approximation
Near the core, one can express the mean flow characteristic function as
 mimics large injection profiles as 0 r  . Equation (5) can then be subjected to a double variable transformation of the type
At the outset, the rescaled Eqs. (5) and (6) Note that only the boundary condition in the core region is transformed. The second boundary condition must be evaluated in the farfield to the extent of reproducing the inner expansion of the outer solution, ( ) .
Equation (34) may be readily manipulated to extract
where 0 c is a constant that must be determined through a matching operation between the inner and outer solutions in their overlap region. In the above, the special function , the Kummer function of the first kind. 14 These functions are given by
At this stage, Prandtl's matching principle may be implemented. Accordingly, the inner limit of the outer solution ( )
A comparison between the second-order asymptotic approximations and numerical predictions is presented in Table 1 . By focusing attention on the domain's endpoints, it is interesting to see how well the composite approximation matches the numerical value at the origin. Meanwhile, both types of WKB expansions fail at that truncation order by providing an infinitely large magnitude as 0 r  . As we move away from the origin, the WKB approximations begin to outperform, as they should, the composite expansion from which the outer solution may be recovered asymptotically in .
 Thus, unless  is exceedingly small, the ability of the composite solution to outperform the outer solution in the outer region will remain limited. This explains the small discrepancy in the composite approximation near r 1,  a weakness to which the WKB solutions remain immune.
V. Numerical Solution
The numerical solution presents its own challenges. The position of  multiplying the highest derivative creates significant numeric instability for large, expected values of R . To complicate matters further, the 1 r  factors in the coefficients pose potential problems around the centerline, 0 r  . If we consider a solution of the form
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The above expressions can be substituted into Eq. (5) and simplified through multiplication by i .
T e 
We are left with
The same transformation would then be applied to the boundary conditions in Eq. (6), 
VI. Results and Discussion
Inasmuch as this problem resembles its porous channel flow analog, mathematically it is quite different. For our cylindrical geometry, the 1 / r term multiplying R in Eq. (5) changes the character of the differential equation, especially near the core.
Away from the core, the WKB solutions are well behaved and accurate. However, their inherent singularity at the centerline must be carefully treated. In this study, matched-asymptotic expansions are used to arrive at a uniformly valid composite solution capable of capturing the small amplitude wave velocity at 0. r  Nevertheless, the increased accuracy associated with the composite solution at the core comes at the expense of a small residual error plaguing the outer expansion. In the process of formulating a composite solution, an inner core test function 2 1 2 F r   had to be used to arrive at a closed-form analytical solution. Even though the test function constitutes an excellent approximation near the core, it deteriorates, thus becoming the source of discrepancy in the outer domain. At the outset, we now have a choice between two analytical approximations. One that is accurate away from the center (WKB solutions) albeit oblivious of the small core correction, and another (composite solution), that excels where the WKB fails, but falls short where the WKB approximation performs superbly well, away from the centerline. Figure 3 depicts the modulus of the time-dependent velocity throughout the entire tube for multiple mode numbers. When the oscillation mode number m is increased, the magnitude of the temporal velocity appears to follow the spatial mode shape of the irrotational component of the wave in Eq. (2) . For the first mode, the magnitude of the wave grows from a minimum at the tube's head-end to a maximum, midway into the chamber, where the magnitude of the sinusoidal wave is largest. The penetration depth of the wave, for all modes, continues to increase along the tube as a result of the convection of the unsteady vorticity. When higher mode numbers are considered, 2 m  , we notice the presence of velocity nodes, points were the vortical velocity contribution vanishes. The number and location of these nodes depends on the mode number and are described in a technical note by Majdalani. investigation, two forms of the WKB solution are derived and presented to arbitrary order. Both types show excellent agreement with the numerical solution; however, they fail to capture the behavior at the centerline. Through a series of transformations, matched-asymptotic expansions are used to develop a composite, singularityfree approximation valid over the entire domain. The matched-asymptotic expansion technique serves three objectives: (a) it demonstrates that a uniformly valid asymptotic solution can be obtained over the entire domain; (b) it validates to several decimal places the calculated numerical value at the centerline; and (c) it illustrates Prandtl's principle that proposes matching with supplementary expansions. In future work, it is hoped that the vorticoacoustic wave will be investigated in porous channels and tubes in the presence of headwall injection. It is also hoped that the problem of traveling, radial and tangential, waves will be considered in short chambers in which transverse wave interactions dominate.
